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Histoire des nombres complexes : Entre algèbre et géométrie
By Dominique Flament. Paris (CNRS Editions). 2003. ISBN 2-271-06128-8. 501 pp. EUR 39
A capsule outline of the history of complex numbers might go something like this: In Europe in the early 16th
century, the appearance of the square root of a negative number in a calculation signified merely that the desired
problem was impossible. As Cardano said “quaestio ipsa est falsa, nec esse potest quod proponitur.” It was Bombelli
in his Algebra of 1572 [see Bombelli, 1579] who first made a systematic use of these strange quantities to arrive at
real solutions of certain cubic equations. Descartes introduced the word imaginary when an equation of degree n had
fewer than n roots, because he says we can imagine the missing roots. Euler a century later called these impossible
quantities imaginary numbers, but pointed out that even though they are impossible, yet nothing stops us from mak-
ing calculations with them and deriving many useful results. And indeed, the 18th century saw a great flourishing
of research involving trigonometric functions, exponentials, logarithms, and infinite series, in all of which the use of
imaginary numbers played an essential role, even though no one had explained what they really were, nor had rigor-
ously justified their use. It was only the geometrical representations of Wessel and Argand around the beginning of
the 19th century, backed by the authority of Gauss, and the later developments of Cauchy and Hamilton that put the
theory on a solid logical foundation. Apparently we owe the terminology complex number to Gauss, who introduced
“numeros integros complexos” in his theory of biquadratic residues.
The present text is a thorough study of these developments from the 16th to the 19th century, describing the work of
all the major and some minor figures in this story, and documenting the nonlinear progression of concepts that began in
total mystery and gradually developed into a tool that we take for granted today. The first chapter (100 pp.) introduces
imaginary numbers and shows their multiple uses in the 16th to 18th centuries. Chapter Two (150 pp.) analyzes in
detail the work of Wessel, Argand, and Warren and Mourey, which gave a logical basis to the theory via geometry.
Chapter Three (50 pp.) describes the solidifying work of Gauss and Cauchy, while the long last chapter (120 pp.) is
devoted to Hamilton and the English school of algebra. As the author’s goal is to describe the mathematical thinking
as it was at the time, he says he will stay as close as possible to the original texts. There are numerous citations
throughout the book and an extensive bibliography. However, the many misprints, errors, and inconsistencies make
for difficult reading, as I will illustrate with a few episodes from my encounter with the book.
I know of no other book-length study of this subject, but the excellent article of Loria [1917]—cited incorrectly
in footnote 5, and with a spelling error in the bibliography—could be taken as a template for this study. Subsequent
footnotes refer to pages 47, 48, 51, and 54 of this article, which appears on pp. 101–121 of the journal! It turns out
that Scientia printed the original article in Italian, together with a French translation in a supplement, with separate
pagination, and Flament is referring to the corresponding pages of the French translation.
On p. 20, Flament cites Cardano, Ars magna, Ch. XI. However, the text given (in French) is not an exact translation.
It is an abbreviated paraphrase. A footnote points to [Libri, 1840, p. 254]. There is nothing relevant on that page,
or nearby, in Libri, though I could find the Latin text of Cardano starting on p. 437. The correct reference would be
[Cardano, 1570, 58], or the excellent English translation by Witmer [Cardano, 1968, 96], which unfortunately Flament
does not list in his bibliography.
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(in modern notation) x3 = 15x + 4 and obtains the solution
3
√
2 + √−121 + 3
√
2 − √−121 = 4.
Then Flament says that Bombelli does not explain how he extracted these roots to obtain 4 and gives a citation from
Study saying that Bombelli would have had to know already the solution of the original equation to get this result. This
makes Bombelli’s method seem quite mysterious. The footnote for Study refers to “Les nombres complexes,” Enc. des
Math. [1908]. To check this reference, I found that Study wrote an article [Study, 1898] in the German Encyklopädie,
which becomes [Cartan, 1908] in the French translation. Note that Study’s article is about 35 pp. long, while Cartan’s
is 139 pages. It is completely rewritten, and in fact Study does not mention Bombelli at all, so the quote belongs to
Cartan and to G. Eneström whom Cartan cites in a footnote.
Now it seems to me that neither Cartan nor Flament has read Bombelli, because contrary to what they say, Bombelli
explains quite clearly, earlier in his Algebra (p. 180), how in some cases he can extract cube roots of imaginary
expressions, and he illustrates his method with this particular case:
3
√
2 ± √−121 = 2 ± √−1.
Thus Bombelli’s procedure is not nearly as mysterious as Flament makes it appear.
Still, we would like to know more about how Bombelli regarded these strange quantities. Flament gives us a
citation (without reference) at the top of p. 27, saying that even though this method is rather sophistic, still one can
make use of it with no difficulty. This tells half the story, namely that Bombelli had found a method of calculation
that worked. Looking further, I found that this is not a citation from Bombelli, but a paraphrase, apparently translated
from [Bortolotti, 1923, 391]. The full citation from [Bombelli, 1579, 293] is
Et benchè a molti parerà questa cosa stravagante, perche di questa opinione fui ancho1 già un tempo parendomi più tosto
fosse sofistica, che verrà, nondimeno tanto cercai, che trovai la dimostratione, la quale sarà qui sotto notata, si che questa
ancora si può mostrare in linea, che pur nelle operationi serve senza difficultade alcuna, & assai volte si trova la valuta del
Tanto per numero (come si è trovato in questo essempio).
So it seems that Bombelli’s confidence in his method was improved by finding a “demonstration in lines,” that is,
a geometrical construction of a root of the equation. This point was not addressed by Flament, but for me it raises
questions about what is real and what is imaginary, and what constitutes a sufficient justification for a mathematical
theory, all questions worthy of further discussion.
Moving on to Caspar Wessel, Flament tells us (p. 113) that his work has been often cited but never really studied. It
is too bad that he missed the excellent English translation [Wessel, 1999] together with a critical article by K. Andersen
and a biography of Wessel by Branner and Johansen. It seems to me that Flament misinterprets Wessel’s work by
assuming from the outset (p. 120) that Wessel’s goal was to create a geometrical interpretation of complex numbers.
I do not dispute that we, as modern mathematicians, can perceive this as the content and historical value of Wessel’s
work. But as historians, I believe we are safer in listening to what he says himself. He never once mentions imaginary
numbers or complex numbers in the text, nor does he say that his structures represent them. His stated goal is to
develop an analytic representation, with addition and multiplication, of lines with direction (which we would call
vectors) in the plane, and he wishes to apply this to the solution of plane polygons. For a surveyor who has spent
forty years measuring distances in various directions, and making maps, this seems a natural goal. As a result of his
definitions, he finds that a line  of unit length, perpendicular to a line 1 taken as unity, has the property that 2 = −1.
So he writes  = √−1. But I read this as saying simply that his  has this property, and not as a reference to some
preexisting concept of imaginary numbers. On the other hand, it seems clear that he has read Euler, because he derives
formulas in his system equivalent to de Moivre’s formula and Euler’s eix = cosx + i sinx.
1 Misprint for anch’io?
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paper of 1806, which depends on two “principles” that are established only by analogy, and so must be treated as
“hypotheses” to be justified later [cf. Argand, 1971, 9n]. But then I think Flament overvalues the contribution of
Français, which logically depends on a preexisting theory of complex numbers, and he misses that change in tone of
Argand’s later paper of 1814 in which Argand points out that his work becomes completely rigorous if one regards√−1 merely as a symbol, with formal rules of operation justified by the usual trigonometric formulas [Argand, 1971,
118].
On p. 193, Flament mentions Argand’s interesting proof of the Fundamental Theorem of Algebra, that any poly-
nomial in one variable can be decomposed into linear factors. I would think that tracking various approaches to this
theorem would be a revealing way to measure the development of understanding of complex numbers. It is mentioned
several times in this book, but since there is no subject index, it is impossible to follow this particular theme and its
development.
With the subtitle “entre algèbre et géométrie,” there are other topics I would like to see discussed, but which are
nowhere mentioned in this book. One is the use of imaginary elements in geometry. Chasles says:
La doctrine des relations contingentes nous semble pouvoir offrir encore un avantage; c’est de donner une explication
satisfaisante du mot imaginaire, employé maintenant en Géométrie pure, où il exprime un être de raison sans existence,
mais auquel on peut cependant supposer certaines propriétés, dont on se sert momentanément comme d’auxiliaires, et
auquel on applique les mêmes raisonnements qu’à un objet réel et palpable. [Chasles, 1889, 207]
Here is a fascinating vacillation between the real and the imaginary, used as a principle by Monge and Poncelet to
obtain correct results, while being criticized by others as nonrigorous.
Another topic is von Staudt’s tour de force construction of all the complex points of projective 3-space out of the
real points, using the theory of involutions [Von Staudt, 1856–1860]. Out of the complex geometry he then constructs
the field of complex numbers. He says in a remark on p. 261:
Das Rechnen mit complexen Zahlen kann als bekannt vorausgesetzt werden, da es in diesem § hauptsächlich nur darum
zu thun war, den Begriff der complexen Zahl, damit in ihm nichts Unklares bleibe, auf den Begriff des Wurfes zurück-
zuführen.
Thus von Staudt has given another kind of geometrical validation of the complex numbers.
In summary, I have learned a lot by reading this book and delving into many of the original sources, especially the
works of Cardano, Bombelli, Wessel, and Argand. It gives a useful overview of the subject, though as I have tried to
indicate, the burdens placed upon the reader can often lead to frustration.
For an entirely different experience treating some of the same material, let me suggest reading Barry Mazur’s poetic
essay [Mazur, 2003]. This is not a history, but a book written for the layman on the role of imagination and imagery in
poetry and in mathematics. In particular, he discusses the acts of creative imagination in the works of all the authors
mentioned above as they come to grips with the elusive concept of imaginary numbers.
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Henri Lebesgue. Les lendemains de l’intégrale. Lettres à Emile Borel
Edited by Bernard Bru and Pierre Dugac. Paris (Vuibert). 2004. ISBN 2-7117-5309-3. 343 pp.
Emile Borel was born in 1871 in Saint-Affrique, and Henri Lebesgue in 1875 in Beauvais. Both studied mathemat-
ics at the École Normale Supérieure in Paris. In his Leçons sur la théorie des fonctions of 1898, Borel had introduced
a new way to define the measure of subsets of the real line, which had the property of being completely additive.
Lebesgue’s thesis Intégrale, longueur, aire, in 1902, used an extension of Borel measure to introduce a new theory of
integration, generalizing the Riemann integral.
Hence it is not surprising that the two French mathematicians exchanged a large correspondence, which lasted from
1901 till 1918. Discovered by Jean Lefebvre in 1988 in the basement of the Institut Henri-Poincaré and indexed by
Denise Lardeux, the 232 letters from Lebesgue to Borel were first edited and published in 1991 by Bernard Bru and
Pierre Dugac, as Volume 12 of the Cahiers du Séminaire d’Histoire des Mathématiques. Because of their mathemat-
ical, historical, psychological, and sociological interest, they deserved wider diffusion. This is the origin of the book
Les lendemains de l’intégrale de Lebesgue, which proposes a selection of 111 letters, with Bru and Dugac’s original
comments, and a preface by Gustave Choquet.
As often happens, the corresponding letters from Borel to Lebesgue seem to be lost, and their contents can only be
guessed at from Lebesgue’s letters. It would have been most interesting to compare the styles of Borel and Lebesgue
in trying to understand the evolution of the dissensions that finally led to their dispute. From his letters, Lebesgue
appears obsessed by three themes: Baire, money, and scientific recognition. All three recur in a fourth theme, quite
normal for a young gifted mathematician: finding an academic position.
The rivalry between Lebesgue and Baire, also documented in letters published elsewhere from Baire to Borel, and
between Brouwer and de La Vallée Poussin, deals not only with comparisons of the present and future recognition
of their contributions by the mathematical community, but also with the competition for the famous Cours Peccot,
attributed yearly by the Collège de France to a promising young mathematician. When the correspondence starts in
1901, Baire is a professor at the Lycée in Bar-le-Duc and Lebesgue is professor at the Lycée in Nancy. Baire obtains
his first academic position at the University of Montpellier in 1901 and Lebesgue at the University of Rennes in 1902.
Lebesgue’s opinions of colleagues, expressed in a very frank way, appear neither genteel nor on the mark; for example,
Elie Cartan’s work is said to be “good but without originality” and Frederic Riesz “has only proved things which are
either false or well known.” From Lebesgue’s reactions, it seems that Borel expressed his opinions in a more subtle
manner.
